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ABSTRACT 
We give an elementary proof of the Horst Alzer inequality 
A;-A,<G;-G,, 
and thereby obtain another proof of the Ky Fan inequality. 
1. INTRODUCTION 
Let the real numbers Xi be such that 0 5 xi 5 1 for all i = 1,2, . . . , n, and let 
An = i i$l xi, G,, = fi x;ln, 
i=l 
In [l] Horst Alzer establishes the inequality 
(1.1) A; - A,, 5 G,: - G,, 
and in [2] he uses (1.1) to prove that 
A’ l-G,: <A, L!<_-__- 
G’ - 1-A’ - G,’ n n 
which sharpens the well-known Ky Fan inequality 
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Clearly, using the arithmetic mean-geometric mean (AM-GM) inequality we 
have 
-j&/ 
n n 
and this, together with (l.l), gives the Ky Fan inequality (1.2) when we multiply 
the two inequalities and simplify. There are numerous elementary proofs of the 
AM-GM inequality, so our aim is to give an elementary proof of the Horst 
Alzer inequality (1.1) and thereby obtain another proof of the Ky Fan inequal- 
ity. We begin with the following: 
Lemma 1. Let al, ~2,. . . , ak be positive real numbers and let 
dk = i ,e ai, 
I-l 
Gk = ,j ailk. 
If wefix the numbers al, a2, . . . , ak _ 1 and consider 
f(ak) = Ak/Gk (ak > 0) 
as a function of ak, then f (ak) increases as ak increases provided 
k-l 
ak L C Q/(k- 1). 
i=l 
Proof. We let x = ak, and consider the function 
where the positive numbers at, a~, . . . , ak _ 1 are fixed. Clearly, 
f’(x)= 1 1 
x + CFI; ai 
--_= (k - 1)x - c;:; aj 
f(x) kx kx(x + C;:; ai) ’ 
and ifx 1 CtI; ai/(k - 1) then f ‘(x) > 0 and f is non-decreasing. 0 
Corollary 1. If we replace ak by x 2 ak then the ratio dk/& increases as x in- 
creases provided 
k-l 
x > C ai/(k- 1). 
i=l 
Corollary 2. If 0 < al 5 a2 5 . . . 5 ak then 
f(ak) = Ak/Gk (@k > 0) 
increases as ak increases. 
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2. THE INEQUALITY A; -A. 5 G; - G,, 
Our proof of the Horst Alzer inequality (1.1) is based upon the following: 
Theorem 1. Let bl,b2,. . . , b, be positive real numbers with 0 5 bi 5 1 for all 
i= 1,2 ,..., n,then 
(2.1) fi (1 + bi)“” 
i=l 
- ifil (1 - bi)“” 2 2 ,$, b/n. 
Proof. Without loss of generality we can assume that 
OIb, <b2<...<b,,< 1. 
Let the function g be defined as follows: 
g(x) = ,fii (x + bi)“” - io1 (x - bi)“” (x > l), 
so that 
Observe that, since 0 5 bl 5 b2 5 . . . 5 b, 5 1 < x, 
l> l > 
x - b, - x-bbn_l - 
l>l>l> ...>- - _ 1 
x - bl - x+bl - x+b2 - 
. . . 2 - 
x+b,’ 
andhence,fori= 1,2 ,..., n, 
1 
2’2 
1 
X - bi n i=l (X+ 
Clearly, if in 
we replace l/(x + bl) by the larger l/(x - bl), l/(x + b2) by l/(x - b2) etc., 
then E will increase to 
by Corollary 1. It follows that g’(x) 5 0, and g is non-increasing. Allowing 
x + 00 we deduce that 
and the proof of Theorem 1 is complete when we let x --+ 1. q 
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Inequality (1 .l) now follows immediately from (2.1) as the following shows: 
Corollary 3. Let bi (i = 1,2, . . . , n) be as in Theorem 1, and let xi = (1 - bi)/2, so 
thatOIxi< &,then 
A;-A&G;-G,. 
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